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Abstract 

For a real-valued nonnegative and log-concave function / defined in R", we introduce a 
notion of difference function A/; the difference function represents a functional analog 
on the difference body K + {—K) of a convex body K. We prove a sharp inequality 
which bounds the integral of A/ from above, in terms of the integral of / and we 
characterize equality conditions. The investigation is extended to an analogous notion 
of difference function for a-concave functions, with a < 0. In this case also, we prove 
an upper bound for the integral of the a-difference function of / in terms of the integral 
of /; the bound is proved to be sharp in the case a = — oo and in the one dimensional 
case. 


1 Introduction and results 

Convex geometry has among its most important achievements several well-known ineqnal- 
ities: the Brnnn-Minkowski ineqnality, the Aleksandrov-Fenchel ineqnality, the Blaschke- 
Santalo ineqnality and many others. 

A recent development in this field, which involves other areas of mathematics and notably 
functional analysis, consists in the interpretation of resnlts having an nnmistakable geometric 
nature, by an analytic, or better functional, point of view. 

Some aspects of this interaction between convex geometry and analysis are very well 
described in the survey paper jHI devoted to the Brnnn-Minkowski inequality. In particu¬ 
lar, §7 of this paper presents the Prekopa-Leindler inequality which has to be considered 
the functional counterpart of the Brunn-Minkowski inequality. This is probably the most 
enlightening example of the phenomenon of ’translation’ from geometry to analysis that we 
have mentioned before; let us briefly see how this translation is made. The Brunn-Minkowski 
inequality, in its most general form, claims that if Aq, Ai and A are measurable subsets of 
R" such that for some t E [0,1] 

A Z) A^ '.= (1 — t)AQ tAi = {(1 — t')x ty \ X E Aq , y E Aif , 
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then 


[Vn{A)Y/^ > {i-t)[vMo)Y'^ + t[vMi)Y'". ( 1 ) 

where Ki(-) denotes the n-dimensional volume (i.e. the Lebesgue measure in R"). An 
equivalent form of (CD is 

Vn{A) > [K(Ao)]'-*[K(Ai)]*, (2) 

for every Aq and Ai, t E [0,1] and A D At; this is also referred to as the multiplicative form 
of the Brunn-Minkowski inequality (a proof of the equivalence between CD and (ED can be 
found in 0. § 7 ). 

The Prekopa-Leindler inequality states that if /o, /i and / are measurable and nonneg¬ 
ative functions dehned in R"', such that for some t G [0,1] 

f{z)>ft{z)\=snp{fQ{xf~^fi{yy\{l-t)x + ty = z}, VzgR'^, (3) 


then 


f{z) dz > 


fo{x) dx 


i-t 


fi{y) dy 


(4) 


\~'R" / \~'R" / 

Notice that if /o and fi are characteristic functions of measurable sets Aq and Ai respectively, 
then ft is the characteristic function of Kt, so that (CD implies ED- 

In the passage from Brunn-Minkowski inequality to Prekopa-Leindler inequality, the 
convex linear combination At of sets Aq and Ai is replaced by the interpolation ft of /o and 
/i dehned in ED- An equivalent dehnition of ft is 


ft{z) = 


where 

Vt{z) := inf{(l - t)vo{x) + tvi{y) \ (1 - t)x + ty = z} 

and Vo = — log/o, ui = — log/i. The function vt is the infimal convolution of vq and ui, 
introduced by Rockafellar (in the case of convex functions) in |H]. 

Another result that goes in the same direction is the functional form of the Blaschke- 
Santalo inequality, proved by Ball in [ 2 ] and recently extended by Artstein, Klartag and 
Milman in [T]. We are not going to describe this result in details, but we want to un¬ 
derline a difference with respect to the previous example. The Brunn-Minkowski and the 
Prekopa-Leindler inequality are valid for measurable sets and nonnegative measurable func¬ 
tions respectively. On the contrary, the validity of Blaschke-Santalo inequality is restricted 
to convex bodies and, correspondingly, its functional version holds in the class of nonnegative 
log-concave functions. Log-concavity appears to be a natural adaptation to the functional 
setting of the notion of convexity for sets (notice that if / is the characteristic function of a 
set A, then A is convex if and only if / is log-concave). 

In this paper we deal with inequalities which can be viewed as functional forms of a third 
inequality of convex geometry, the Rogers-Shephard inequality (see [2] and §7.3 in EH)- 
This inequality provides an optimal upper bound for the volume of the difference body of a 
convex body K, in terms of the volume of K. Let us recall that an n-dimensional convex 
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body K (n > 2) is a compact convex subset of R""; the difference body DK of K is defined 
as 

DK = K + i-K) = {x + y\x e K, -y e K}; 

DK is also a convex body and it is symmetric with respect to the origin. The Rogers- 
Shephard inequality states that for every n-dimensional convex body K 

Vn{DK) < (^^'^Vn{K). (5) 

This inequality is optimal, indeed it becomes an equality when K is a. simplex (and only in 
this case). Vn{DK) can be also estimated from below, using the Brunn-Minkowski inequality: 


Vr,{DK) > 2^Vn{K) . (6) 

The validity of Rogers-Shephard inequality is restricted to convex bodies, as simple examples 
(even in dimension one) show. 

In the sequel, we introduce the notion of difference function of a nonnegative function 
/ dehned in R", based on the functional interpolation that we have seen in (0: roughly 
speaking, the difference function of / is the interpolation of f{x) and /(—x), with t = |. 

Definition 1.1 Let f be a real-valued, nonnegative function, defined in R". The difference 
function Af of f is defined as 

Af{z) = sup I V f{x)f{-y) \ x,y eYC ,]^{x + y) = ^ z eYC . (7) 

Af is an even function. If we use Prekopa-Leindler inequality we obtain 



/(x) dx < 



Af{z) dz. 


In other words, Prekopa-Leindler provides a lower bound for the integral of Af as well as 
Brunn-Minkowski inequality provides a lower bound for the volume of the difference body. 
Our purpose is to prove a corresponding upper bound for the integral of Af in terms of the 
integral of / provided that / is log-concave, which corresponds to the convexity assumption 
in the Rogers-Shephard inequality. 


Definition 1.2 Let f be a real-valued nonnegative function defined in R"'; we say that f is 
log-concave in R” if 

f{{l-t)x + ty)> f{xY~^f{yf , Vx,2/eR", Vf G [0,1]. 

This is equivalent to say that the function 

v = - log(/) : R” —^ (-CX), -Fcx)] 


is convex in 
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If / is log-concave, then its difference function is also log-concave; indeed, as we have 
seen before, 

Af{z) = 

where 

6v{z) = inf I I X, y G + j/) = z| (8) 

(here v = — log(/) as above). By the convexity of v, 6v is convex (see [HI, Chapter 5); 
consequently. A/ is log-concave. 

We are ready to state our main results. 


Theorem 1.1 Let f be a real-valued, nonnegative and log-concave function defined in R"". 
Then 


'R" 


L^f{z) dz < 2"^ / f{x) dx . 

Jb.^ 

Inequality Q can not be improved as it is showed by the following result. 
Theorem 1.2 Let g be defined as follows 

g{x) = g{xi, ...,Xn) = 


Then 

and 


e Ci+ -+^") ifxi>0 Vz = l,...,n, 
0 otherwise. 


Ag{z) = Ag{zr, ...,Zn) = , Vz e R" 


'R” 


Ag{z)dz = 2"' / g{x)dx. 


(9) 


'R’’ 


Let g be as in the previous theorem; if A is a non-singular square matrix of order n, 
Xq G R"' and C > 0, then the function 


h{x) = Cg{Ax -f Xq) , X G R"' 
is also an extremal function for inequality O, i.e. 


( 10 ) 



Ah{x) dx 


2"' f h{x) dx . 

Ju” 


The next result states that functions of the form (uni) exhaust the family of extremal functions 
for inequality (jH]). Let / be a real-valued, nonnegative and log-concave function dehned in 
R". We set 

F/ = {x G R” I fix) > 0} . 


By the log-concavity of /, the set Pf is convex; we denote by int(P/) and cl(F/) its interior 
and its closure respectively. 
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Theorem 1.3 Let f be a real-valued, nonnegative and log-concave function. Assume that 
f e L\R^), mt{Pf) ^ 0 and 



Af{z) dz 


2"' f f{x) dx . 


Then there exists a non-singular matrix A of order n, C > 0 and Xq G R” such that if h is 
defined by 

h{x) = Cf{Ax + Xq) , 

then: 

i) int(P/j) = {x = {xi,... ,Xn) : Xj > 0 , i = 1,..., n}; 
a) h{z) = h{zi,... ,,Zn) = in int(P/j). 


Theorems 11.11 II .21 and o are proved in m In the proof of Theorem II .11 we use the 
same idea as in the original proof of the Rogers-Shephard inequality (see [0]), which renders 
the argument rather simple; on the other hand the characterization of equality conditions 
(Theorem II .311 requires a rather delicate (and lengthy) argument. 

In ^ we deduce from m an inequality which gives an optimal upper bound for the 
volume of the convex hull of K and —K, where P is a convex body containing the origin. 
This result was already known and its original proof is due to Rogers and Shephard, see ng. 


In 10] and ^ we prove some extensions of Theorem 11.11 arising from the following con¬ 
sideration. The dehnition of difference function m of a function / is based on geometric 
means of values of /; would it be reasonable to consider other means? For a G R and 
/ ; R” —>• [0, cx)], let us dehne the a-th difference function of / 


Aaf{z) = sup <{ Ma{f{x)J{-y)) : -{x + y) = z 


z G R" 


where 


Ma{a,b) = 


a" -|- b° 


y/ab 


IIOL 


if a 7^ 0, 


if a = 0, 


Va, b >0 


(if a < 0 and ab = 0, put Ma{a, b) =0). The problem now is to prove an inequality of the 
form 


Aaf{z) dz<C f{x) dx 


( 11 ) 


'R" 


'R" 


for every / in a suitable class of functions, where C is a constant independent of /, and to 
determine the best possible constant C{n, a) for which it is true. Note that in the case a = 0 
the solution is given by Theorems ll.ll and ll.21 As we will see, the problem is meaningful only 
for a < 0 and for / such that /" is convex. Under these assumptions we prove inequality 
(ED and we determine the optimal constant in two cases; the hrst is n > 1 and a = —oo 
(the — CX) mean is the minimum), and the second, treated in ^ is n = 1 and o; < 0. 
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2 Proof of the main results 

As a general fact, we notice that a nonnegative log-concave function / is measurable; indeed, 
for every s > 0 the set {x G R” : f{x) > s} is convex, and in particular it is measurable. 
Proof of Theorem urn We may assume that / G L^(R"'). Let us dehne the function 

F{z) = [ f{x- z)f{x)dx. 

We £x z G R"'. Let Xi, t/i G R”, z G N, be two sequences such that 

^ + 2 /i), Vz G N and Af{z) = lim V/(xi)/(-z/*). 

As / is log-concave, we have for x G R"' and z G N 

f(x - z) = f Q(2x - Xi) + > V/(2a;-Xi)/(-z/i), 

and similarly 

f{x) > f{2x - Xi)f{xi). 

Consequently, for every z G N, 


Fiz) > Vf{xi)f{-yi) I f{2x - Xi) dx = f{xi)f{-yi) — / f{x)dx. 


'R" 


Letting z tend to inhnity we obtain, for every z G R"", 

1 


F(z)>Af(z)-l f(x)dx, 


'R’’ 


SO that 


On the other hand 


/R’ 


F{z)dz>— Af{z)dz I f{x)dx. 

Z jRn 


'R’l 


/ F{z) dz=[ f{x) dx ) , 
'r" VaR" 


this concludes the proof. 


( 12 ) 


□ 


Proof of Theorem II.21 By the dehnition of difference function we may write 

Ag{z) = sup ^/f{x)f{x-2z). 


xGR" 


For z = (zi,..., Zn) G R" we dehne the set 

Bz = {x = {xi,..., Xn) G R"^ I Xi > max{0, 2zj} for z = 1,..., n} . 
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The expression g{x)g{x — 2z) vanishes if x belongs to the complement of B^, while for x E B. 
its value is 


g{x)g{x - 2z) = g-[(xi- 2 ^i)+...+(x„- 22 „)]j V2 




Thus, for 2 : E R”, 
Ag(z) = 

Finally, notice that 


sup -= g^l“2max{0,2i}H-h2„-2max{0,2„} _ g-(|zi|H-l-|zn|) 

xgBz 


'R'* 


g(x) dx = ( / e ^ dt\ =1 and / Ag{x) dx = i / e =2"'. 


'R'* 


□ 


For the proof of Theorem II.dl we need two auxiliary results stated as lemmas. Let us 
recall that for a real-valued nonnegative function / dehned in R"’, Pf = {x ■ f{x) > 0}. 

Lemma 2.1 Let f be a real-valued, nonnegative and log-concave function defined in R"". 
Assume that the set Pf has non-empty interior. Then the function 

( f{x) if X G int(P/) 

f{x) = I limsup^^,,_j^gint(p^) f{y) if x G dPf 
I 0 otherwise. 


is log-concave in R"". 

Proof. We have to prove that 

f{{l-t)x + ty)> f{xf-^f{y)\ (13) 

for every x,y E R"" and for every t E [0,1]. If either x or y belongs to R” \ c\{Pf) the 
inequality is obvious. So, assume that x,y E cl(F/). Let Xj, yi, z G N, be two sequences 
such that 

Xj, yi E int(P/) Vz G N , lim x* = x , lim z/^ = z/, 

i^OO 2—^00 

and 

lim f{xi) = /(x) , lim f{yi) = f{y) . 

2^00 2—^■OO 

Then 

/((I - t)x + ty) > lim sup/((I - t)xi + tyi) > limsup/(xi)^"V(2/i)* = f(,xY~*f(yY , 

i—^oo i—^oo 

where, in the case (1 — t)x + ty E int(Pj), the hrst inequality is due to the continuity of / 
in mt{Pf). 
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□ 


Lemma 2.2 Let f be a real-valued, nonnegative and log-concave function defined in R"'. 
Assume that the set Pj has nonempty interior. Then 

sup /(x) = ess sup /(x). 

Proof. Let v = — log(/); the assertion of the Lemma is equivalent to 

inf v(x) = ess inf v{x) . 

xeR" xGR" 

Let s' be such that the set S = {x E R"' : u(x) < s'} is non-empty and its Lebesgue measure 
is 0; we prove that v is constant in S. By contradiction, let x' G S' be such that u(x') < s'; 
S is a convex set of null measure, then there exists an hyperplane H such that S G H. The 
interior of Pf is non-empty, so that we may take a point y E Pf\ H. The function 

(f){r) = u((l — r)y + rx') , r G [0, 1] , 

is convex; on the other hand 

(f){r) > s' for r G [0, 1) , 0(1) = /(x') < s'; 

this contradicts the convexity of 0. We have then proved that 

v{x) = s' Vx G {x G R” : u(x) < s'} 

but this clearly imply that s' = infRn v. We deduce that for every s > inf{u(x) | x G R”} the 
set {x G R” : u(x) < s} has interior points and therefore positive measure. This concludes 
the proof of the lemma. 


□ 


Proof of Theorem IT31 The proof is divided into several steps. 

Step 1. For convenience we write P instead of Pf. For t > 0 we dehne 

Pi = {x G R" : fix) > t} . 

Pt is a convex set. We will prove that: i) Pt is bounded for every t > 0; ii) sup^n f < oo. 

Proof of i). Since / G L^(R"'), the Lebesgue measure of Pt is hnite for every t > 0. As 
int(P) 7 ^ 0, there exists f be such that int(Pf) 7 ^ 0. A convex set with interior points and 
hnite measure is bounded, then Pj is bounded. By the inclusion Pt C Pt, for t >f, the same 
conclusion holds for t > t. On the other hand, for every t < f, int(Pt) D int(Pt) 7 ^ 0, so that 
by the same argument as above, Pt is bounded also for t <t. 

Proof of ii). Let 0 < t < sup^n /; by the previous step, Pt is bounded so that the convex 
function v = — log(/) is bounded from below in Pt and consequently / is bounded from 
above in Pt. The conclusion follows as sup^n / = supp^ /. 
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Let us note that a further consequence of i) is that 


lim /(x) = 0 . 

|a:|^C30 


Step 2. We prove that, without loss of generality, we may assume that for every x G dP 

f{x)= lim sup f{y). (14) 

y—^x,yGint{P) 

Proof. For a nonnegative function h dehned in R"^, let us dehne 

A*h{z) = ess sup \/h{x)h{x — 2z) , z G R"". 

a;eR" 

In particular, if h is log-concave, for every ^ the function x ^Jh{x)h{x — 2z) is also 
log-concave, thus, by Lemma YI?]\ 

A*h(z) = Ah(z), Vz G R” . 

We set 

\ f fix) if ic G int(F) 

= i 0 otherwise; 

it is easy to verify that /* is log-concave, so that 

A*r{z)=Ar{z), 'izeRP (15) 

Moreover, in ^ (Theorem 2 of the Appendix) it is proved that 

A*riz)=Afiz), VzgR”. 

Let us also dehne 

( fix) if X G int(F) 

fix) = I limsupj,^,,^j,gi„t(P) fiy) i^xedP 

y 0 otherwise. 

By Lemma (2.II / is log-concave and then A*/ = A/. On the other hand 

/ = /* a.e. in R” , 


so that for every 2 ; G R"' 

fix)fix — 2z) = /*(x)/*(x — 2z) for a.e. x in R"'. 

As a consequence we have 

Afiz) = A*riz) = A*fiz) = Afiz) , Vz G R". (16) 

We infer that if / verihes the assumptions of Theorem 11.51 then the same does /; moreover 
Pj = P and / = / in int(P), so that if we prove Theorem 11.51 for /, we automatically prove 
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it for / as well. In the rest of the proof we replace / by /, and for simplicity we continue to 
write / instead of /. 

Step 3. We prove that for every z G R"' there exist x,y & R” such that 

^{x + y) = z, Af{z) = ^/f{x)f{-y). 

Proof. If Af{z) = 0, this is obvious. Let Af{z) > 0; using the notation introduced in 
the previous step, we have by ca and (111 

Af{z) = Ay^{z)=Ar{z). 

Consequently, we may hnd two sequences Xi,yi G R”, i G N, such that 

Xi,-yi emt{P), hxi + yi) = z , Wi eN , Af{z) = lim Vf i^i) f (-Vi) ■ (17) 

Z 2—>00 

From Step 1 we know that f{x) tends to 0 as |x| tends to inhnity, then the sequences Xi and 
Vi, i e N, are bounded and we may assume that there exist x,y with x,—y G cl(F), such 
that 

lim Xi = X , lim yi = y , 

2—^OO 2—*■00 

and obviously z = ^{x + y). On the other hand by (IT^ 

f{x) > lim sup/(xj), f{-y) > lim sup/(-?/*). 

n—*-oo n—*-oo 


Thus 


> lim sup ^/ f{xi) lim sup V/(-yi) > lim f{xi)f{-yi) = Af{z). 

n—*-oo n—^oo 22—*oo 


Step 4- The function 


F{z)=[ f{y)f{y-z)dy, y 

JR" 


is continuous in R”. 

Proof. Let z, Zt G R”, i G N, be such that limj^oo Zi = z. Notice that, by the log- 
concavity, / is continuous in R"" \ dP, i.e. it is continuous a.e. in R”. Thus the sequence of 
functions f{y)f{y — 2 : 4 ), i G N, converges to f{y)f{y — z) for a.e. y G R”. Moreover 

f{y)f{y - Zi) < (sup /) f{y) , Vx G R” and Vi G N . 

R" 

As f E L^(R"') and supj^n / < 00 (Step 1) we may apply the Dominated Convergence 
Theorem to obtain 

= [ f{y)f{y -z)dy= lim [ f{y)f{y - Zi) dy = lim F{zi) , 

JYiP ^JTip ^ 
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i.e. F is continuous at z. 


Step 5. We prove that int(P) is a (convex) cone. 

Proof. As / renders inequality 0 en equality, we know from the proof of Theorem 11.11 
and in particular from that 

for a.e. z G R"'. The function A/ is strictly positive in the set 

AP = ^(P + (-P)) = \^{x + y) : X, -y G p| , 

and from int(P) 7 ^ 0 it follows that 0 G int(AP), so that A/ is continuous in a neighborhood 
of 0 (recall that A/ is log-concave). By this fact and Step 4, we deduce that equality (fTH|l 
is satished pointwise in a neighborhood of the origin. 

From Step 1 and from Step 2 we easily get supj^n / = maxRn /. Up to a translation of 
the X variable and to a multiplication of / by a positive constant, we may assume that 

max/(x) =/(O) = 1. (19) 

A direct consequence of the previous equalities and of the dehnition of A/ is 

A/(0) = /(O) = 1. 

Now, let us write equality (fTSj) for z = 0 : 

^( 0 )=/ fiy)dy=^[ f{y)dy= [ f{2y)dy. 

On the other hand, as / is log-concave 

f{y) > \//(0)/(2?/) = ^/f{2y) for every y G R*". 

We deduce that _ 

fiy) = Vfi‘^y) for a.e. y G R”. (20) 

As a consequence of this fact, the sets P and 2P coincide up to a null set (i.e. xp = X 2 P 
a.e. in R"), but, since these sets are convex, this implies int(P) = int(2P), which is possible 
if and only if int(P) is a convex cone, with vertex at the origin. This concludes the proof of 
the assert of the present step. 

In the rest of the proof we will always assume that (IT^ holds and that the vertex of P 
is at the origin. 

Step 6. We prove that the function A/ is positive and continuous in R”. 

Proof. Af is positive in the set 

^(P + (-P)) D ^(int(P) + int(-P)); 
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on the other hand, by the previous step, int(P) is a convex cone with interior points, and 
an easy consequence of this fact is that int(P) + int(—P) = R"". Thus A/ is positive in R" 
and, as it is log-concave, it is also continuous in R"^. 


Step 7. Let us £x an arbitrary z G R” and let xi, X 2 be such that 
]^{xi + X2) = z, Af{z) = \//(Xi)/(-X2) 

(see Step 3); notice that, as Af{z) > 0, xi and —X 2 G P. We prove that 


/ ( ^( 2 ?/ - xi) + f (h 2 y- Xi) + ^(-Xs) ) = 


( 21 ) 


Vf{‘^y - Xi)f{xi)^/f{ 2 y - xi)/(-X2) , for a.e. y G R”. 

Proof. The starting point is equation (d; first notice that such equation holds for every 
2: G R”, because it holds a.e. in R” and F{z) and Af{z) are continuous in R"". On the other 
hand, m can be written as follows 


X / - 2^1) + / Q( 22 / - xi) + \{-X2)^ dy 

= [ V fif^y - xi)f{xi)^/f{2y - xi)/(-X 2 ) dy , 
so that equality m follows immediately from the log-concavity of /. 


Step 8. We prove the following fact: let 2 , xi and X 2 be as in the previous step, then for 
every point x G int(P) the function v = — log / restricted either to the segment joining x 
and Xi or to the segment joining x and —X 2 , is affine, i.e. 


u((l — t)x + txi) = (1 — t)v{x) + tv{xi) , Vf G [ 0 , 1 ] , 

u((l - t)x + t{-X2)) = (1 - t)v{x) - 1 - tv{-X2) , Vf G [ 0 , 1 ] . 
Proof. We write equation m with X = 2 y — xp. 



( 22 ) 


As Xi and —X 2 belong to P, and as int(P) is a cone, the left hand-side and the right hand- 
side, as functions of x, are continuous in int(P), so that the above equality holds pointwise 
for X G int(P). Moreover, for x G int(P) both sides of the equality are positive; on the other 
hand we have, by the log-concavity of /, 

/ Q(x + xi)^ > V7M7(^, / - 3^2)^ > \//(a:)/(-X 2 ). 
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Thus, the last two inequalities must be in fact equalities; in terms of v this means that: 


V ( -{x + Xi) ) = -{v{x) + v{xi)) , V ( -(x - X2) ) = -(v(x) + v(-X2)). 


As V is convex, this concludes the proof of (I22D. In the rest of the proof we will denote the 
function — log / by v. 


Step 9 . We prove that for every y G and for every f > 0 

v{ty) = tv{y) . 

Proof. If y G R” \ cl(P) the claim is obvious, since v{ty) = tv{y) = 00 . If G int(F), the 
claim follows from the previous Step 8, where we take z = 0 and consequently xi = X 2 = 0. 
As last case, let y G dP; by Step 2, and in particular (d, there exists a sequence y*, i G N, 
contained in int(P), such that 

lim yt = y , lim v{yi) = liminf v{x) = v{y) . 

i^oo i^oo x—>-y,x(^mt{P) 


Then clearly we also have 

tv{y) = t lim v{yi) = t liminf n(x) = liminf v{tx) = liminf v{x) = v{ty ), 

i—^oc x^y^x^mt{P) x—*y,xGint{P) x^ty,x£mt{P) 

where we have used again the claims of Step 8 and Step 2 . 

Step 10. Let 2 : G R"' and xi, X 2 be such that 

]^{xiPx 2 ) = z and f{z) = \//(xi)/(-X 2 ). 

We prove that 

int(P) n (int(P) + z) = int(P) + ^Xi and cl(P) fl (cl(P) + z) = cl(P) + ^xi. (23) 

Proof. From equation m we obtain 

f{y)f{y -z) = f{2y - xi)Af{z) , for a.e. y G R*". 

The right hand-side is positive if and only if y G P fl (P -|- z), while the left hand-side 
is positive if and only ii z G -\- xi) = D -[- ^xi (recall that A/ is positive in R”). 
Consequently 

Xpn{P+^) = Xp+ixi a.e. in R" 
from which equalities d follow easily. 

Step 11. Let z G cl(P) and xi, X 2 as in the previous step; we prove that 

xi = 2 z and X 2 = 0 . 
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Proof. Using (second equality) we obtain that z = 0 + z G cl(P) + |xi; as z — \xi = 
this implies that \x 2 belongs to cl(F) and then, as cl(P) is a cone, the same is true for 
X 2 . On the other hand —X 2 belongs to cl(F) also. Assume, by contradiction, that X 2 7 ^ 0, 
and let r be the straight line through X 2 and —X 2 . As cl(P) is a cone, it contains r. This 
implies in particular that if a; G r and w G cl(P), then x + s{w — x) G cl(P) for every s > 0 
(indeed (1 — s)x G r C cl(P) for every s G R and sw G cl(P) for every s > 0). Furthermore, 
if ta G int(P), then x + s{w — x) G int(P) for every s > 0. 

Let i/j, i G N, be a sequence of points contained in int(P) such that 

lim = 0 , lim v{yi) = a( 0 ) = 0 . 

i^OQ 2—^00 

For every i G N, let ti = 2yi + x 2 ] by the above considerations, ti G int(P). By Step 8 we 
have, for every z G N, 

(-X2 + = ^{v{-X2) + , 

and, passing to the limit we get 

a(—X 2 ) + lim v(ti) = 0 . 

i^oc 

Since tends to X 2 , by Step 2 and the previous equality we get 

0 < a(—X 2 ) + x(x 2 ) < x(—X 2 ) + lim a(U) = 0 

i^oo 

(we recall that v is nonnegative by (uni). We deduce x(x 2 ) = x(—X 2 ) = 0 and this implies, 
by Step 9, that v vanishes on the whole line r. Thus /(x) = 1 for every x G r and this 
contradicts the fact that the set {x | /(x) > 1} is bounded established in Step 1. We infer 
that X 2 = 0 which concludes the proof of the claim of the present step. 

Step 12. We show that v is linear in cl(P). 

Proof. Take arbitrary points x and y in int(P), and let 2 : = 2x; then by Step fix coincides 
with the point xi corresponding to 2 ; and by Step 8 x is affine on the segment joining x and 
y. Then v is affine in int(P) and since x(0) = 0, x is linear in int(P). Moreover, for every 
X G dP, by Step 2 we have 

x(x) = lim inf v{y) = lim v{y), 

y—>x,yGint(P) y^XyyGmt{P) 

so that X is linear in cl(P). 

Step 13. We prove that cl(P) does not contain any straight line. 

Proof. By contradiction, let r be a straight line contained in cl(P); as x is linear and 
nonnegative in cl(P), x must be constant on r: x(x) = c > 0 for every x G r. Consequently 
/(x) > e~^ > 0 for every x G r which contradicts claim i) of Step 1. 

Step 14 . We prove that the intersection of P with a suitable hyperplane is a (n — 1)- 
dimensional simplex. 
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Proof. As cl(P) does not contain any straight line, we may assume after a change of 
coordinates that 

cl(P) C {x = (xi,..., Xn) e R" : x„ > 0} U {0} . 

In particular, the section of cl(P): 

S = cl(P) n {x = (Xi, . . . , Xn) G R” : Xn = 1} 

is a compact convex set. We set vr = {x = (xi,..., Xn) G R" : Xn = 1}; let (zi,..., Zn-i) be 
an arbitrary point of R""^ and let f = (zi,, Zn-i, 0). From Step 10 it follows that there 
exists X G R” such that 

cl(P) n (cl(P) + z)= cl(P) + X ; 

if we take the intersections with tt of both sides of the previous equality we obtain 

S' n (S' + z) = (ci(P) + x) n TT. 

Notice that, as cl(P) is a cone, the set (cl(P) + x) fl vr is either empty or homothetic (i.e. 
equal up to a translation and a dilatation) to S'. Thus, we have proved that for any translate 
S' of S' contained in tt. S' fl S' is either empty or is homothetic to S'. From Lemma 4 in [H] 
(see also §7.3 in we obtain that S is an (n — l)-dimensional simplex. 

Step 15. Summarizing the conclusions of the previous steps, we have proved that, up to 
a translation of the x variable and a multiplication of / by a positive constant: 

1. int(Pj) is an inhnite convex cone with vertex at the origin having an (n—l)-dimensional 
simplex as a section; 

2. V = — log / is linear in int(Pj). 

Claims i) and ii) are easy consequences of these facts. 


□ 


3 An application to convex bodies 

In this section we give a new proof, based on 0, of an inequality proved by Rogers and 
Shephard in nm, concerning the volume of the convex hull of the union of a convex body 
and its reflected body with respect to the origin. For an arbitrary set A, co(A) denotes the 
convex hull of A. 

Theorem 3.1 (Rogers-Shephard.) Let K be a convex body in R”, then for every x G P 
we have the following inequality 

V;(co(AU(x-P))) <2"K(P). (24) 
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Inequality (1^ is optimal, indeed equality holds when K \s & simplex and x is one of its 
vertices; in HDl it is proved that this is the only possibility. 

Proof of Theorem IH.1 L We may assume that 0 G int(it') 7^ 0. Let us denote by hx the 
support function of K and by K* its polar with respect to the origin (for the definition of 
these notions we refer to ffH) ; then hx is positive in R” and K* is also a convex body. 

The following formula is a rather simple consequence of the fact that the radial function 
of K* is the reciprocal of hx (see [TT], §1.7): 


dx = n\ Vn{K*). 


'R" 


The function / = e is log-concave as hx is convex (see Cl)- We prove that 


— p-f'-Kni-K) 


(25) 


(26) 


{hK{-))* + {hx{--))* 

* 

' h* h* 

rix -I- 

2 


2 


in §1; 5hx can be written in the 

(27) 


A/ = e 

Indeed A/ = , where 5hx is defined by formula 

form 

5hx = 

where * denotes the Legendre conjugation of convex functions (see Theorem 16.4 in [Hj). On 
the other hand, the conjugate of the support function of a convex body L is the so-called 
indicatrix function 1^ of L: 

7 * / N T / \ f 00 if 2: G L, 

^l(^) - li(^) - I Q otherwise, 

and = h^. Formula (GHD is then a consequence of (^71) . Using Theorem II.IL and (jTini 

we obtain 

Vn{{K n i-K))*) < 2^Vn{K*) . (28) 

Moreover {K fl {—K))* = co{K* U {—K*)), by Theorem 1.6.2 in [TT]. Thus (17^ becomes 
Vn{co{K* U {—K*))) < 2^Vn{K*) and as K is arbitrary we deduce 

Vn{co{KU{-K)))<2^Vn{K) 

for every convex body K such that 0 G int(iL). Clearly, we could have chosen any interior 
point of K as origin so that (121 is valid for every x in the interior of K] in the general case 
the formula follows by a continuity argument. 

□ 


4 Difference functions of order a and related inequal¬ 
ities 

Throughout this section, a is a parameter varying in [—cx), 0]. We start by defining the mean 
of order a of two nonnegative numbers. For a,b > 0 and t G [0,1], we set 

a* if a = 0 , 

M(nb-f) = } + (1 - if a G (-00,0), a 7^ 0, 6 7^ 0, 

“ ’ ’ '0 if a G (— 00, 0) and either a = 0 or 6 = 0 , 


min{a, b} 


if a = —CX) 
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For a < 0 this definition can be extended naturally to the case in which either a = oo or 
b = oo, setting Mq(cx), c) = Ma{c, oo) = for every c > 0, and Ma{oo, oo) = oo. 

Definition 4.1 We say that a function f : R” —>• [0, cx)] is a-concave if 

f{tx + {l-t)y) > M^{f{x)J{y)-,t), 'ix,y eR^ , Wt e [0,1]. 

For a = 0 we get log-concave functions. For a = — cx), a-concave functions are called 
quasi-concave functions; let us point out the following well-known characterization. 

Proposition 4.1 A function f : > [0, cxd] is quasi-concave if and only if for every s > 0 

the set {x G R” : /(x) > s} is convex. 


We define the difference function of order a of a function / ; R” ^ [0, cxo] in the following 
way 

^af{z) = sup |m„ 

For a = 0 we retrieve the definition of difference function given in §1. 

Proposition 4.2 If f is a-concave, then A^f is also a-concave. 

Proof. The case a = 0 has already been considered in §1 and the argument for a G (—cxd, 0) 
is very similar; indeed in this case we have 

(A„/)“w = sup |TM±f!(zh . i(j. + j,) = , , g , 

i.e. (Aq,/)" is the infimal convolution of /“(■) and /"(—), which are convex (as / is a- 
concave and a < 0); hence (Aq,/)" is also convex (again, we refer to [S], Chapter 5) and 
consequently A^f is a-concave. 

In the case a = —oo we start from the following equality, which will be helpful also in 
the sequel: for every s > 0 

{z G R" : A_oo/(z) > 4 = e R" : /(x) > s} + ^{y G R” ; /(-y) > s} . (31) 

In order to prove it, assume that z G {z G R"' : A_oo/(z) > s}; then there exist x and y 
such that min{/(x), /(—?/)} > s and -(x -\- y) = z, i.e. z G -{x G R"" : /(x) > s} -f -{y G 
• f{~y) > -s}- Then 

{z G R" ; A_^f{z) >s}c ^{x G R" : /(x) > s} + ^{y G R" : f{-y) > s}. 

The reverse inclusion can be proved in a similar way. By Proposition 14.11 the two sets on 
the left hand-side of m are convex and then the set on the right hand-side is also convex; 
hence A_oof is quasi concave again by Proposition 14.11 


f{x),f{-y)-, 


.(x + y) = z 


z G R" 


(30) 
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□ 


Problem. For a < 0 and n G N, determine the number 

[ A^fdz 


C{n, a) = sup 


'R" 


fdx 


f : R" —> [0, cx)], / a-concave , 0 < f dx < oo )■ . 


'R” 


Theorems o and 11.21 provide the solution for a = 0: C{n,0) = 2” for every n. In the 
remaining part of the paper we will provide some further partial answers to this problem. 
Let us start from the case a = —oo. The following theorem is a relatively simple application 
of the Rogers-Shephard inequality. 

Theorem 4.3 Let f be a quasi-concave function such that f G L^(R”). Then 

[ A_oof{x)dx < [ f{x)dx. (32) 

Proof. For every s > 0 the set {z G R*^ : f{z) > s} is convex (by Proposition 14.1 jl and it 
is bounded, by the assumption / G L^(R"^). Then {z G R” : A^oofiz) > s} is also convex 
and, by dsn, bounded. Using m and the Rogers-Shephard inequality we obtain 

1 /2r?\ 

K({z G R" : A_oo/(^) > 4) < ^ L ) e ^ /(^) > 4) > > 0 • 

Using the layer cake principle and the previous inequality we obtain (IH^ . 

□ 


Inequality is sharp; indeed it is clear from its proof and from equality cases in the 
Rogers-Shephard inequality, that if / is such that {x G R” : /(x) > s} is either empty or a 
simplex for every s > 0, then equality holds in (IS21) (we can take, for instance, / to be the 
characteristic function of a simplex). Then we can state the following 

1 f2n 

Corollary 4.4 For every n G N, C{n, —oo) = — I 

2 y Th 

The case a = —oo permits to hnd an upper bound for C{n, a) in the general case. 


1 


2n 

n 


Theorem 4.5 For every a < 0 and n G N, C{n, a) < 

Proof. Let / be a nonnegative o-concave function such that / G L^(R"’). By the mono¬ 
tonicity property of the mean of order a with respect to a, / is also quasi-concave. Moreover, 
it is quite an easy exercise to prove that for every a, b> 0 




“■'’4) s 


(33) 


Then A„/ < —j^A_oo/ in R"; using this fact and Theorem 14.31 we obtain 


2V' 


Aq,/(x) dx < 


'R" 


2V“ 


A-ocf{x) dx < 


'R’’ 


1 1 
21/a 2n 


2n 

n 


/(x) dx. 


'R" 


□ 
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5 The one dimensional case 

The constant C{l,a) can be determined explicitely for every a. 


Theorem 5.1 Let a G (—oo,0) and f be an a-concave function. Then 


/ Aaf dx < 2 f dx , if a g(—1,0), 

'r Jk 

j A„fdx < fdx, if a 6 (-00,-1] 


(34) 

(35) 


Both inequalities are optimal, i.e. for every a G (—1,0) (respectively, a G (—cx), —l]j there 
exists an a-concave function f such that in |^]) (respectively, in equality holds. 

As a consequence, in the notation introduced in the previous section, 

2 for ct G (—1, 0) , 

C{l,a) = { 1 


2i/o 


for a G (—cxo, —1] 


The crucial ingredient in the proof of Theorem 15.11 is to prove that for an arbitrary / 


Aaf dx / Aaf* dx 


'R 


< 


'R 


fdx 


f* dx 


/R 


'R 


where f* is a suitable decreasing rearrangement of f. Then we will prove inequalities (ED 
and (ED for f*. The latter task is particularly easy due to the features of the function /*. 
The dehnition and some properties of /* are contained in the following lemma. 

Lemma 5.2 Let a < 0 and f be an a-concave function. Define 


riz) = 


sup,,6Rmin{/(x),/(x-z)}, if z > 0 , 


0 if z <0 . 

Then 

i. f* is a-concave; 
a. for every s > 0 

e R : nz) > s}) = e R : f{z) > s}) 
(Vi denotes the one-dimensional Lebesgue measure); 


III. 


U*dz = jjdz- 


iv. f* is decreasing in [0,cx)); 
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V. Aaf*{z) = (^f*{0)J*{2\z\), 0 for every z e R; 

vi. Aaf*{z) > Aaf{z) for every z G R. 

Proof. Proof of i. Let zi, Z 2 G R and t G [0,1]; we have to prove that 

f*{tzi + (1 -t)z 2 ) > M„(/*(zi),/*(z 2 ),t). (36) 

If either zi < 0 or Z 2 < 0 this is true by the definition of /*; hence, let us assume that 
zi,Z 2 > 0. Let xi,X 2 G R; 

r{tzi + (1 - t)z 2 ) = sup min {f{txi + (1 - t)x 2 ),f{t{xi - Zi) + (1 - t){x 2 - Z 2 ))} 

Xi,X2 

> sup mm{Ma{f{xi),f{x 2 ),t),Ma{f{xi - Zi),f{x 2 - Z 2 ),t)} 

Xi,X2 

> sup M„(min{/(a;i), f{xi - zi)}, min{/(x 2 ), /(a ;2 - Z2)}, t) 

Xi,X2 

= Ma(supmin{/(a:i),/(xi - Zi)}, sup min{/(x 2 ),/(x 2 - Z 2 )},t) 

Xi X2 

= M„(r(zi),r(z2),t), 

where we have used (in the hrst inequality) the o-concavity of /. 

Proof of ii. For s > 0 set 

= {z G R : /(z) > s} , .F; = {z G R : T(z) > s} . 

Assume that z G JF*; then z > 0, moreover there exists x such that min{/(x), /(x — z)} > s, 
i.e. /(x) > s and /(—(z — x)) > s so that z = x + (z — x) G (JF^ + {—■^s)) H [0, cxd) and then 
JF* c (JF^ + (—JF^)) n [0, cxo). The reverse inclusion can be proved in a similar way. Then we 
have that 

•^; = (-^. + (-^s))n[0,cx)). (37) 

The set JF^ + (—JF^) is symmetric with respect to z = 0 and its measure equals 2I/i(jF^); then 
(pTTfl implies that Fi(JF*) = Vi{J^s) for every s. 

Proof of in. This is an immediate consequence of ii. and the layer cake principle. 

Proof of iv. Let 0 < zi < Z2, x G R. There exists t G [0, 1 ] such that x — zi = t(x — 
Z2) + (1 — t)x. From the a-concavity of / it follows that /(x — zi) > Ma{f{x — Z2), f{x), t) > 
min{/(x), /(x — Z2)}. Hence min{/(x), /(x — Zi)} > min{/(x), /(x — Z2)} for every x; this 
yields r(zi) > r(z2). 

Proof of V. Let z > 0. 

^af*{z) = supMo,(f*{x),f*{x-2z),^'\=supMo,(f*{x)J*{x-2z),^'\ 

xgR \ ^ / x>2z \ Z J 

= M„(^r(o),r{2z),fj, 

where in the last equality we have used the monotonicity of /*. As Aaf* is an even function, 
the claim of follows. 
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Proof of vi. For z > 0 and a; G R we have 


/*(0) = sup / > max{/(a;), f{x - 2z)} ; 

R 

f*{2z) =supmin{/(0,/(^-2z)} > mm{f{x)J{x - 2z)} . 

€eR 

Hence, 

Ma f{x - 2z), 0 < (^f*{0)J*{2z), ; 

taking the supremum of the left hand-side with respect to x we obtain Aaf{z) < Ao,f*{z) 
for every z > 0; as the functions are even, the inequality is valid for every z G R. 


□ 


Proof of Theorem 15.IL By the previous lemma, for an arbitrary a-concave function / we 
have 

1 ' 


Aaf dx / Aaf* dx 


'R 


< 


'R 


= 2 


/ dx 


f* dx 


Ma ( r(0),/*(2x), - ) dx 

7*00 

' rdx 


(38) 


'R 


'R 


Case — 1 < a < 0. As /* is o-concave we have 


M„(r(0),r(2a:),-) <r(z), Vz>0. 


Inequality dal follows immediately from the previous inequality and (jHHI)- In order to prove 
that dni may be an equality, dehne a function f as follows 




(1 -I- , if a; > 0, 

0 , if a; < 0. 


(39) 


We have: / G L^(R), / is a-concave and, as it is monotone decreasing in [0, cx)) and it 
vanishes in (—oo, 0), / = /* in R. Moreover, by a direct computation we see that 




f{0)J{2x),- 


f{x), Vx>0; 


i.e. Aaf{x) = f{x) for x > 0. Consequently, (IHTll becomes an equality if / = /. 

Case a < —1. Inequality follows directly from (I38|l and 

A4 (r(0),r(2i),H < (^oo,r(2rc),i) = ^r(2i). (40) 


Let us construct a function / for which dSSI) is an equality. We dehne 


fix) 


0, 

if X > 1, 

xi/« 

if X G (0,1), 

oo , 

if X = 0, 

0, 

if X < 0. 
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As in the previous case, we see that: f G L^(R), / is a-concave and / = /* in R. Moreover, 
for f = f the inequality in (gni) is in fact an equality, so that 

^af{x) = , VX > 0 . 

Then, for / = / (pHjl is an equality. 


□ 
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